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Abstract

The influences of the bathing solution and crosslink density on the swelling equilibrium of ionic thermo-sensitive hydrogels due to

temperature stimulus are studied by mathematical modeling. The model used is termed the multi-effect-coupling thermal-stimulus

(MECtherm) model with consideration of multiphases and multiphysics. It is used for the steady-state numerical simulation of the hydrogels

in swelling equilibrium after it is verified well by comparison with available experimental data concerning the variation of volume swelling

ratio with temperature. The phenomenon of volume phase transition is simulated for the thermal-stimulus responsive hydrogel. Simulations

predict well the influences of the bathing solution concentration and crosslink density of polymeric network on the swelling equilibrium of

the hydrogels.

D 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Currently the applications of stimuli-responsive hydro-

gels as critically active elements are explored intensively in

various BioMEMS devices/systems due to their good

sensitivity to surrounding environmental conditions such

as temperature, salt concentration, solution pH and electric

field [1–5]. Some of them immersed in solution can

undergo a continuous or discontinuous volume phase

transition which is characterized by a large change in

swelling degree due to small change of environmental

conditions. Hydrogels may thus be classified by sensitivity

to different environmental stimuli.

Thermo-sensitive hydrogel is one of stimuli-responsive

hydrogels, in which the poly(N-isopropylacrylamide)

(PNIPA) and its copolymers are the typical thermo-sensitive

hydrogels. They have attracted considerable interest [6]
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because of their intrinsic characteristics of very large

volume change near the lower critical solution temperature

(LCST). When surrounding temperature is below LCST, the

hydrogel is in swollen state by absorbing solvent from

surrounding solution. If above LCST, it is in shrunken state

through exuding the solvent. In general, the volume phase

transition results from the competitive balance between

repulsive and attractive interactions [7]. According to the

Flory’s mean field theory for analysis of the swelling

equilibrium of hydrogels [8], the interactions may be

mathematically presented by three contributions to the

change of free energy, namely the polymer–solvent mixing,

elastic deformation of polymeric network matrix and

osmotic pressure due to ionic concentration difference.

The polymer–solvent mixing contributes to either attractive

or repulsive forces, depending on the relation between

entropy change and heat associated with the mixing. The

elastic deformation of polymeric network matrix is balanced

by mechanical restoring force of the matrix due to material

elasticity. The osmotic pressure is one of the driving sources

for expansion, as the result of ionic concentration difference
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between the interior hydrogels and exterior bathing solution.

According to the thermodynamic equilibrium theorem, the

thermal-stimulus responsive hydrogels reach to the swelling

equilibrium state when the three forces are balanced with

each other. In addition, several important interactions are

usually considered in analysis of the volume phase

transition of the hydrogels. They include the hydrophobic,

electrostatic, hydrogen-bond and van der Waals interactions

[9]. It is also noted that the charged groups attached to the

polymer chains play an essential role in the volume phase

transition of the ionized hydrogels [10]. Therefore, the

volume phase transition of thermo-sensitive hydrogels may

be predicted by mathematical modeling based on thermo-

dynamic equilibrium theorem.

However, the literature search shows that so far most of

studies concerning the thermal-stimulus responsive hydro-

gels were experiment-based. Few studies of modeling and

simulation were conducted. They include the early work on

the statistical thermodynamic model presented by Lele et al.

with consideration of hydrogen bond interaction in the

swelling equilibrium of PNIPA hydrogel immersed into

water [11]. Otake et al. developed the model with effects of

hydrophobic hydration and interaction for analysis of the

thermally induced discontinuous shrinkage of ionized

hydrogels [12]. Erman and Flory studied discontinuous

volume phase transition by assuming the parameters

detailing the polymer–solvent interaction to be dependent

on the volume fraction of polymeric network solid-phase

matrix [13]. Hino and Prausnitz proposed a molecular

thermodynamic model [14] by combing the compressible

lattice-gas model [15] with the interpolated affine model

[16] for simulation of volume phase transition of the PNIPA

hydrogels. However, it is still difficult for these mentioned

models to quantitatively predict the response behaviors of

thermo-sensitive hydrogels, especially compared with

experimental data. In order to overcome the shortcomings,

the present authors developed a multiphysics model, called

the multi-effect-coupling thermal-stimulus (MECtherm)

model, with chemo-electro-thermo-mechanical energy

domains [17]. In the model, the steady-state Nernst–Planck

nonlinear partial differential equations and Poisson equation

describe the diffusive ionic species and electric potential.

According to the Flory’s mean field theory, the tran-

scendental governing equation of swelling equilibrium

considers the three fundamental contributions mentioned,

the polymer–solvent mixing, elastic deformation of poly-

meric network matrix and osmotic pressure due to ionic

concentration difference. The model is validated to predict

well the volume phase transition of swelling equilibrium of

thermal-stimulus responsive hydrogels.

This paper will use the MECtherm model for further

analysis of influences of the bathing solution concentration

and polymeric-network crosslink density on the swelling

equilibrium of the hydrogels and on the variation of volume

phase transition with temperature, mobile ion concentrations

and electric potential for the ionic hydrogels immersed in
solution. The present ionic hydrogels are considered as a tri-

phase hydrophilic mixture consisting of ionic phase,

interstitial liquid phase and three-dimensional charged solid

matrix phase of crosslinked polymeric-chain network. The

MECtherm model, consisting of nonlinear partial differ-

ential equations coupled with a transcendental equation, will

be solved by the truly meshless Hermite–cloud method [18]

for one-dimensional simulation of swelling equilibrium of

cylindrical thermo-sensitive hydrogels with volume phase

transition when immersed in a bathing solution. The model

is examined numerically by comparison with experimental

data. Then, the simulations conducted predict the influences

of the bathing solution concentration and polymeric-net-

work crosslink density on the swelling equilibrium of the

hydrogels with volume phase transition and on the

distributions of mobile ion concentrations and fixed charge

density as well as electric potential in both the hydrogels

and surrounding bathing solution.
2. MECtherm model

According to the thermodynamic equilibrium theorem,

the swelling equilibrium of ionized thermo-sensitive hydro-

gel may be determined by the initial and finial temperature

fields and several parameters at reference state, including

the fixed charge density, the effective crosslink density and

the polymer-network volume fraction. By the Flory’s mean

field theory [8], the total change DGgel of free energy of the

hydrogels is expressed as

DGgel ¼ DGMixing þ DGElastic þ DGIon; ð1Þ

where DGMixing, DGElastic and DGIon represent the poly-

mer–solvent mixing, polymeric network elastic deformation

and ionic contributions to the change of free energy,

respectively. Differentiation of the above equation with

respect to the number of solvent molecules in the hydrogel

gives an expression of the total chemical potential (Dlgel) of

the hydrogel due to the mixing (DlMixing), polymer elastic

deformation (DlElastic) and ionic (DlIon) potentials as

Dlgel ¼ DlMixing þ DlElastic þ DlIon: ð2Þ

If the swelling equilibrium is achieved, the chemical

potential of the hydrogels is equal to that of the solvent in

surrounding solution, i.e.,

DlMixing þ DlElastic þ DlIon ¼ Dl*Ion; ð3Þ

where DlIon
* represents the chemical potential of solvent in

the surrounding solution.

By the Flory–Huggins lattice theory [8], the change of

mixing chemical potential due to the change of solvent–

solvent contact into solvent–polymer contact is written

mathematically as

DlMixing ¼
kBT

m
/ þ ln 1� /ð Þ þ v/2
� �

; ð4Þ



H. Li et al. / Biophysical Chemistry 118 (2005) 57–68 59
where kB is the Boltzmann constant, T is the absolute

temperature, m is the molar volume of the solvent, / is the

volume fraction of polymeric network at swelling equili-

brium, and v is the polymer–solvent interaction parameter.

It is noted that the Flory–Huggins treatment of polymer

solution is usually difficult for prediction of the behavior

involved LCST. However, the computational approximation

caused is generally acceptable. Furthermore, it is also

known that the interaction parameter v depends not only

on the absolute temperature T but also on the volume

fraction / of polymeric network [9,14,22]. In the present

MECtherm model, the following two forms of the polymer–

solvent interaction parameters v are used for different states

of volume phase transition.

In the swelling state of the hydrogels with lower volume

fraction / of polymeric network below the lower critical

solution temperature (LCST), the polymer–solvent inter-

action parameter v is computed by

v ¼ v1 Tð Þ þ v2/ ¼ yh� ysT

kBT
þ v2/; ð5Þ

in which v2 is an empirical parameter. ys and yh are the

changes of entropy and enthalpy per monomeric unit of the

network, respectively.

In the shrinking state of the hydrogels with higher

volume fraction / of polymeric network above LCST, the

polymer–solvent interaction parameter v is computed by

v ¼ F Tð ÞP /ð Þ; ð6Þ

where F(T) and P(/) are the functions of absolute temper-

ature T and volume fraction / of polymeric network,

respectively. Bae et al. defined P(/) as [19]

P /ð Þ ¼ 1

1� b/
; ð7Þ

in which b is an empirical parameter (here b =0.65). Hino

and Prausnitz defined F(T) as [14]

F Tð Þ ¼ z

2

f þ 2f12
RT

þ 2ln
1þ s12

1þ s12exp f12= RTð Þð Þ

�� ��
;

ð8Þ

where z is the lattice coordination number (z =6), f is the

interchange energy, f12 is the difference between the

segmental interaction energies of specific and non-specific

interactions, R is the gas constant, and s12 is the degeneracy

ratio of non-specific interactions to that of specific

interactions.

In the numerical implementation, the transformation

between Eqs. (5) and (6) is in fact determined by identifying

the volume phase transition, when the difference of polymer

volume fractions between the previously and currently
iterating steps is much larger than the specified convergence

region.

The contribution of elastic deformation of polymeric

network matrix to the change of chemical potential is

described by the affine model [8]

DlElastic ¼ kBTve
/
/0

�� 1=3

� /
2/0

#"
; ð9Þ

where ve is the effective crosslink density, /0 is the volume

fraction of polymeric network in the pregel solution and /0 /

/ is the volume swelling ratio.

The ionic contribution to the change of chemical

potential is determined by the concentration difference of

mobile ions between the interior hydrogels and surrounding

solution [8]

DlIon � Dl*Ion ¼ � kBT
XN
j

cj � c*j

� 	
; ð10Þ

where N denotes the number of ionic species, cj and cj* are

the concentrations of mobile ions in the interior hydrogels

and exterior bathing solution, respectively.

By substituting Eqs. (4), (9) and (10) into Eq. (3), the

swelling equilibrium governing equation is obtained in form

of transcendental equation as follows

/ þ ln 1� /ð Þ þ v/2

m
þ ve

/
/0

�� 1=3

� /
2/0

#"

� ~
N

j

cj � c*j

� 	
¼ 0: ð11Þ

When the hydrogels are immersed into pure water, the

ionic concentrations of the external solution are equal to

zero. The swelling equilibrium governing Eq. (11) is then

simplified into

/ þ ln 1� /ð Þþ v/2

m
þ ve

/
/0

�� 1=3

� /
2/0

#"
� c0f

/
/0

¼ 0;

ð12Þ

where cf
0 is the fixed charge density at the reference state

(/ =/0).

For incorporation of the diffusive ion concentrations and

electric potential into the simulation of thermo-sensitive

hydrogels, Poisson–Nernst–Planck system is employed. If

the contributions of migration and diffusion to the transport

of mobile ions are considered during thermal swelling, the

steady-state Nernst–Planck equation for the kth ion species

is expressed by [20]

Dkl
2ck þ

FDkzk

RT
lcklw þ ckl

2w

 �

¼ 0;

k ¼ 1; 2; . . .Nð Þ ð13Þ

where F is the Faraday constant and w is the electric

potential. Dk, zk and ck are the diffusive coefficient, valence

and concentration of the kth mobile ions, respectively.
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Fig. 1. A cylindrical hydrogel immersed in electrolyte solution. One-

dimensional computational domain along radial direction covers both the

hydrogel and bathing solution.
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The corresponding Poisson equation for the electric

potential is written as [20]

l
2w ¼ � F

ee0
zf cf þ

XN
k

zkckð Þ
! 
; ð14Þ

where e0 is the permittivity for vacuum, e is the dielectric

constant of medium relative to vacuum (e =80 for water).

zf and cf are the valence and density of fixed charges. It is

reasonably assumed here that the fixed charges are

uniformly attached to the polymeric network of the

hydrogel matrix during thermal swelling and thus the total

number of fixed charges is invariable, namely the fixed-

charge density cf=cf
0/ //0 at swelling equilibrium state. It

is also noted that, in general, the Poisson–Boltzmann

approach is more suitable to very low concentrations of

univalent cations, which is one of limitations for the

approach applications.

If an isotropic swelling is considered, the elongation

ratios of the hydrogels are equal in each coordinate

direction. The displacement vector u is then expressed by

the difference between the deformed position x(ax0,ay0,az0)
and original position x(x0,y0,z0), in which a is a linear ratio

of volume swelling and a=(V /V0)
1/3= (/0 //)1/3,

u ¼ x� x0 ¼
/0

/

�� 1=3

� 1

#"
x0: ð15Þ

In this paper, only cylindrical hydrogels are considered.

Due to axisymmetry therefore, it is reasonable to use one-

dimensional computational domain along the radial direc-

tion covering both the hydrogel radius and bathing solution,

as shown in Fig. 1. The steady-state Nernst–Planck

equations in the polar coordinates are thus simplified as

B
2ck

Br2
þ 1

r

Bck

Br
þ Fzk

RT
ck

B
2w
Br2

þ ck

r

Bw
Br

þ Bck

Br

Bw
Br

��
¼ 0;

k ¼ 1; 2; > Nð Þ ð16Þ

and the Poisson Equation is

B
2w
Br2

þ 1

r

Bw
Br

¼ � F

ee0
zf cf þ

XN
k

zkckð Þ
! 
; ð17Þ
The radial displacement of the hydrogel is given by

ur ¼
/0

/

�� 1=3

� 1

#"
R0; ð18Þ

where R0 is the radius of cylindrical hydrogel at the

reference state.

As shown in Fig. 1, the boundary conditions required are

applied at both the ends of 1-D computational domain. Due

to axisymmetry of the present problem, the boundary

conditions at the end point O of the circle centre are given as

Bw
Br

¼ 0 and
Bcj

Br
¼ 0 j ¼ 1; 2; > Nð Þ at r ¼ 0

ð19Þ

The boundary conditions at the end point B of the solution

region are given by

w ¼ 0 and cj ¼ cT j ¼ 1; 2; > Nð Þ at r ¼ L:

ð20Þ
3. Meshless Hermite–cloud method

The meshless Hermite–cloud method [18] is used here as

a numerical tool for simulation of volume phase transition

of the ionic thermo-sensitive hydrogels. The method is

based on the Hermite interpolation theorem and the fixed

kernel approximation, in which the approximation f̃(x) of

any one-dimensional unknown real function f(x) is con-

structed by

f̃f xð Þ ¼
XNT

n¼1

Nn xð Þfn þ
XNS

m¼1

x�
XNT

n¼1

Nn xð Þxn

! 
Mm xð Þgxm;

ð21Þ

where NT and NS (�NT) are total numbers of randomly

scattered points covering both the interior computational

domain and edges. fn is the point value of unknown real

function f(x) at the nth point, and gxm that of the first-order

differential at the mth point. The corresponding discrete

approximation is written as

g̃gx xð Þ ¼
XNs

m¼1

Mm xð Þgxm: ð22Þ

In Eq. (21), the shape functions Nn(x) and Mm(x) of f(x)

and gx(x) are defined as [21]

Nn xð Þ ¼ B unð ÞA�1 xkð ÞBT xð ÞK xk � unð ÞDLn;
n ¼ 1; 2; . . . ;NTð Þ ð23Þ

Mm xð Þ ¼ B̃B umð ÞÃA�1 xkð ÞB̃BT xð ÞK xk � umð ÞDLm;
m ¼ 1; 2; . . . ;NSð Þ ð24Þ
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in which DLn is defined as the cloud length of the nth point,

B(u) and B̃(u) are the linearly independent basis-function

vectors as follows

B uð Þ ¼ b1 uð Þ; b2 uð Þ; b3 uð Þf g ¼ 1; u; u2
� �

; ð25Þ

B̃B uð Þ ¼ b1 uð Þ; b2 uð Þf g ¼ 1; uf g; ð26Þ

and A(xk) and Ã(xk) are symmetric constant matrices

associated with the central point xk of the fixed cloud

Aij xkð Þ ¼
XNT

n¼1

bi unð ÞK xk � unð Þbj unð ÞDLn; i; j ¼ 1; 2; 3ð Þ

ð27Þ

ÃAij xkð Þ ¼
XNS

m¼1

bi umð ÞK xk � umð Þbj umð ÞDLm; i; j ¼ 1; 2ð Þ

ð28Þ

where K(xk�u) is a kernel function constructed by cubic

spline function as,

K xk � uð Þ ¼ 1

DLk

0 2 < z

2� zð Þ3=6 1VzV2;
2=3ð Þ � z2 1� z=2ð Þ 0VzV1

8<
: ð29Þ

where z = |(xk�u)DLk|.

Due to the additionally introduced unknown function

gx(x), auxiliary condition is required. Imposing the first-

order differential with respect to x on the approximation f̃(x)

(21) and considering Eq. (22), the auxiliary condition is

obtained as

XNT

n¼1

Nn;x xð Þfn �
XNS

m¼1

XNT

n¼1

Nn;x xð Þxn

! 
Mm xð Þgxm ¼ 0;

ð30Þ

where Nn,x(x) denotes the first derivative of Nn(x) with

respect to the variable x.

The Hermite–cloud method is so far formulated. It is

able to solve generic engineering differential boundary

value problems as,

Lf xð Þ ¼ P xð Þ; PDEs in computational domain X ð31Þ

f xð Þ ¼ Q xð Þ; Dirichlet boundary conditionon CD ð32Þ

Bf xð Þ=Bn ¼ R xð Þ; Neumann boundary condition on CN

ð33Þ

where L is differential operator and f(x) unknown real

function. By the point collocation technique, the approx-

imation of the above problem is expressed in discrete form

as

Lf̃f xj

 �

¼ P xj

 �

; j ¼ 1; 2; . . . ;NXð Þ ð34Þ
f̃f xj

 �

¼ Q xj

 �

; j ¼ 1; 2; . . . ;NDð Þ ð35Þ

Bf̃f xj

 �

=Bn ¼ R xj

 �

; j ¼ 1; 2; . . . ;NNð Þ ð36Þ

where NX, ND and NN are numbers of randomly scattered

points in computational domain and along the Dirichlet and

Neumann edges, respectively. Thus total number of the

scattered points NT=NX +ND +NN.

By substituting Eqs. (21) and (22) into Eqs. (34)–(36)

and considering the auxiliary condition (30), a set of discrete

algebraic equations with respect to unknown point values fi
and gxi is derived in matrix form as

Hij

� �
NTþNSð Þ	 NTþNSð Þ Fif g NTþNSð Þ	1 ¼ dif g NTþNSð Þ	1; ð37Þ

where {Fi} and {di} are (NT +NS)-order column vectors

Fif g NTþNSð Þ	1 ¼ fif g1	NT
; gxif g1	NS

n oT

; ð38Þ

dif g NTþNSð Þ	1

¼ P xið Þf g1	NX
; Q xið Þf g1	ND

; R xið Þf g1	NN
; 0f g1	NS

n oT

;

ð39Þ

and [Hij] is a (NT +NS)	 (NT +NS) coefficient matrix

Hij

� �
¼

½LNj xið Þ�NX	NT
L xi�

XNT

n¼1

Nn xið Þxn

! 
Mj xið Þ

! #"
NX	NS

½Nj xið Þ�ND	NT
0½ �ND	NS

½0�NN	NT
Mj xið Þ
� �

NN	NS

½Nj;x xið Þ�NS	NT
�

XNT

n¼1

Nn;x xið Þxn

! 
Mj xið Þ

#"
NS	NS

3
7777777775

2
6666666664

:

ð40Þ
By solving the set of linear algebraic equations (37),

(NT +NS) point values {Fi} are obtained. Accordingly, the

approximate solution f̃(x) and the first-order differential

g̃x(x) are then computed through Eqs. (21) and (22),

respectively.
4. Simulations and discussions

4.1. Numerical comparison with experiment

In order to examine the MECtherm model, a

numerical comparison is made between the computed

results and experimentally measured swelling data extracted

from the published literature [1], where Hirotsu et al. [1]

carried out the experiment of the ionic thermo-sensitive

poly(N-isopropylacrylamide) (PNIPA) hydrogels immersed

in pure water with changing temperature. As one of the

typical thermo-sensitive biomaterials, the PNIPA hydrogel is

well known due to its distinctive property of unique

alteration between hydrophilic and hydrophobic character-



0.1 1
20

25

30

35

40

45

50

T
em

pe
ra

tu
re

 (
ºC

)

Swelling ratio V/V0

Experiment (c
f
0=8mM)

Experiment (c
f
0=0mM)

Numerical Simulation

Fig. 2. Comparison of the present numerical simulations with the

experimental swelling data [1] for the thermo-sensitive PNIPA hydrogels

in pure water.

H. Li et al. / Biophysical Chemistry 118 (2005) 57–6862
istics upon external temperature stimulation. When sur-

rounding temperature is lower than the corresponding lower

critical solution temperature (LCST), the PNIPA hydrogel

behaves hydrophilic characteristics alluring more water

since the hydrogen bonds form a stable shell around the

hydrophobic groups. With increase of the external temper-

ature, the hydrophobic characteristics appear to free the

entrapped water molecules from the network as the hydro-

gen bond interactions become weakened or destroyed.

When the temperature reaches to or is higher than the

LCST, the hydrophobic interactions become fully dominant

and then the hydrogel is thoroughly dehydrated. As the

water releases, the polymer chains of the hydrogel collapse

abruptly and the phase separation of the PNIPA hydrogel

occurs, which is often termed the volume phase transition.

For simulation of the ionized PNIPA hydrogels immersed

in pure water that Hirotsu et al. conducted experimentally

[1], the governing Eq. (12) is required only and solved

independently. For comparison with the experimental data,

several experimental parameters of the ionized PNIPA

hydrogels are taken as the input data of the simulations.

They are the initially fixed charge density cf
0=8 mM with

the valence zf =�1 and the initial volume fraction of

polymeric network at the reference configuration /0=0.07.

In the simulated temperature region, it is reasonably

assumed that the change of the water density is negligibly

small and then the effect of the change of the water density

on the volume phase transition of PNIPA hydrogels is

negligible. As such, the popularly specified constant

m =18.0 cm3/mol is taken as the water molar volume. In

addition, the effective crosslink densities me=1.4	10�5

and 1.0	10�5 mol/cm3 are taken for the hydrogels without

and with the fixed charges, respectively. The polymer–

solvent interaction parameter v is calculated by Eqs. (5)–(8)

based on the given data [1,14], in which ys=�4.717	
10�23 J/K, yh =�1.246	10�20 J, f=0.698 kcal/mol and

f12 /f =�7.

Fig. 2 shows the comparison between the computed

results and the experimental data for the swelling equili-

brium of the PNIPA hydrogels with and without fixed

charges when immersed in pure water in the temperature

range of 20–50 -C, in which very good agreement is

achieved. It is also observed that the fixed charges attached

onto the polymeric network enhance the swelling capability

of the ionized hydrogels, and also increase the lower critical

solution temperature (LCST), relatively compared with the

case without the fixed charges. The unionized PNIPA

hydrogels undergo a continuous volume phase transition

at about temperature T=34.3 -C, while the ionized PNIPA

hydrogels exhibit a discontinuous volume phase transition at

about temperature T=35.6 -C. The temperature of volume

phase transition of the ionized PNIPA hydrogel is thus about

1.3 -C higher than that of the unionized hydrogel. As the

temperature increases, the volume swelling ratios of both

the hydrogels decrease due to the shrinking behaviors.

Furthermore, the curves of swelling equilibrium of both the
hydrogels tend to be merged together at the temperature

above 40 -C, where the hydrogels are almost fully

dehydrated.

4.2. Study of the influence of the parameters on the ionized

PNIPA hydrogels in univalent electrolyte solution

In the present parameter studies, the PNIPA hydrogels

with the fixed charges are considered to be immersed in

univalent electrolyte solution, instead of pure water. Several

numerical studies are carried out for parameter studies on

the responsive behaviors of the PNIPA hydrogels. The set of

coupled nonlinear governing equations is solved iteratively,

which consists of the swelling equilibrium Eq. (11),

Nernst–Planck Eq. (16) and Poisson Eq. (17). By the truly

meshless Hermite–cloud method, the set of the coupled

nonlinear partial differential Eqs. (16) and (17) is firstly

discretized into a set of nonlinear algebraic equations, and

solved by the Newton’s iterative technique for a guessed

polymer-network volume fraction /*. The distributions of

the electric potential and mobile ion concentrations are thus

computed at a given temperature. Then by substituting the

computed concentrations of mobile ions into the swelling

equilibrium Eq. (11), the corresponding volume fraction /
of polymer network is obtained and used as the guessed

value /* in next iterative step. In this way, the iterative

recurrence is conducted until the convergence of volume

fraction of polymer network. The algorithm is implemented

for the parameter studies on the influences of the bathing

solution concentration and polymeric-network crosslink

density on the swelling equilibrium of the hydrogels with

volume phase transition.

In general, before the swelling equilibrium is achieved,

the thermo-sensitive ionized PNIPA hydrogels have a

kinetic process of volume change. After the hydrogels are

immersed into electrolyte bathing solution, the negatively
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charged groups fixed to the network of polymeric chains are

compensated by the cations diffusing into the hydrogel from

the external solution where the constant concentrations of

ion species are often assumed. The diffusion increases the

cation concentration within the hydrogel and generates a

concentration gradient between the hydrogel and bathing

solution. The gradient is the source to generate the osmotic

pressure to drive the kinetic swelling of the hydrogel. The

initially fixed charge density cf
0 plays an important role in

the kinetics. When the density cf
0 increases, the more cations

diffuse into the hydrogels for compensation of the ionized

network, which amplifies the magnitude of the concen-

tration gradient. Then higher osmotic pressure is generated,

which drives larger swelling of the hydrogels.

4.2.1. Influence of bathing solution concentration

For discussion of the influence of the bathing solution

concentration c* on the response behavior of the PNIPA

hydrogels in swelling equilibrium, Figs. 3–7 are presented

for the relationship between the swelling ratio V /V0 and the

temperature T, and the variations of the mobile ion

concentrations ck (k =1,2, . . .N) and fixed charge density

cf as well as electric potential w along the radial coordinates

for different c* and T. Theoretically, for a thermo-sensitive

ionized PNIPA hydrogel immersed in pure water, the

swelling equilibrium state is achieved when the total

osmotic pressure is equal to zero. However, this equilibrium

state can be destroyed simply by introducing the electrolyte

into the pure water, and then the kinetics of volume change

undergoes until a new equilibrium is reached. At lower

electrolyte concentration or in the special case of pure water,

the negative charges of the PNIPA hydrogel network are

neutralized by counter hydrogen ions. As the electrolyte

concentration increases, the diffusive mobile cations from

the bathing solution, instead of the hydrogen ions, are

dominant within the PNIPA hydrogel. When the electrolyte
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equilibrium volume for the ionized PNIPA hydrogels with initially fixed
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bathing solution concentrations c*=5, 20 and 100 mM, respectively.
concentration further increases, the cations and anions of the

external solution diffuse more into the hydrogel and then the

overall concentration of mobile ions within the hydrogel

increases. However, the concentration difference is reduced

between the interior hydrogel and exterior bathing solution,

and consequently the driving force to swell the hydrogels

decreases gradually, resulting in reduction of the swelling

ratio V /V0. It is also noted that the charge groups of the

hydrogel network play a critical role in the hydrogel

swelling. The electrostatic repulsion between neighboring

charged groups along the hydrogel network acts to stiffen

the chain and increase the swelling, which is the more

notable effect at lower salt concentrations. In brief, with the

increase of the bathing solution concentration c*, the

concentration gradient decreases. This causes smaller

osmotic pressure and then drive lower swelling ratio V /V0

of the hydrogels.

In the present simulations, the thermo-sensitive ionized

PNIPA hydrogels with initially fixed charge density cf
0=5

mM are studied for discussions of the influences of ionic
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concentration c* of bathing solution on swelling behavior.

Fig. 3 shows the variations of the swelling ratio V /V0 of the

hydrogels with environmental temperature T at different

bathing solution concentrations c*=0 (pure water), 5, 20

and 100 mM, respectively. It is observed from the figure that

simulations verify the above theoretical analysis, in which

the PNIPA hydrogels placed in pure water have the larger

swelling ratio V /V0 than those in electrolyte solution. With

increasing the ionic concentration c* of bathing solution, the

swelling ratio V /V0 decreases and the temperature of

volume phase transition also decreases. When the temper-

ature T reaches to above 40 -C, the hydrogels become

completely dehydrated regardless of the ionic concentration

c* of bathing solution.

In order to study the influences of the environmental

temperature T and bathing solution concentration c* on the

distributions of mobile ion concentrations ck, fixed charge

density cf and electric potentials w in swelling equilibrium,

Figs. 4–7 are plotted for the ionized cylindrical PNIPA

hydrogels immersed in different univalent electrolyte bath-

ing solutions, in which the radial coordinate represents the

one-dimensional computational domain along the radial

direction covering both the cylinder hydrogel radius and

bathing solution, and the sudden changes of the curves are

observed at the interface between the hydrogel and solution.

The concentration distributions of the mobile cation and

anion in the interior hydrogels and exterior bathing solution

are plotted in Fig. 4(a) at temperature T=30 -C and Fig. 5(a)

at temperature T=40 -C. The distributions of fixed charge

density cf in swelling equilibrium are shown in Fig. 4(b) at

T=30 -C and Fig. 5(b) at T=40 -C, respectively. It is seen
from Figs. 4(a) and 5(a) that, for a given concentration c* of

electrolyte bathing solution, the concentration of mobile

cation in the PNIPA hydrogels at temperature T=40 -C is

higher than that at T=30 -C, but the opposite trend is

observed for the concentration of mobile anion. At a given
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environmental temperature T, with increasing the concen-

tration c* of bathing solution, the mobile cation concen-

tration increases in the PNIPA hydrogels, while the mobile

anion concentration decreases. As the ionic concentration c*

of bathing solution increases, the difference of mobile ion

concentrations decreases between the interior hydrogel and

exterior solution. Figs. 4 and 5 also demonstrate the

phenomena that all the concentrations of mobile ions and

fixed charge are compensated.

The distributions of the electric potentials w in both the

interior hydrogels and exterior bathing solution are shown in

Fig. 6 at T=30 -C and Fig. 7 at T=40 -C, respectively. For
a given concentration c* of electrolyte bathing solution, the

electric potential w within the PNIPA hydrogels at temper-

ature T=30 -C is much higher than that at T=40 -C. For a
given environmental temperature T, the electric potential w
within the PNIPA hydrogels increases with the ionic

concentration c* of electrolyte bathing solution.

4.2.2. Influence of effective crosslink density

For analysis of the influence of crosslink density of

polymeric network, Fig. 8 is presented for the relations

between the temperature T and swelling ratio V /V0 with

different effective crosslink densities me. Figs. 9–12

illustrate the distributions of the mobile ionic concentrations

ck (k =1,2, . . .N), fixed charge density cf and electric

potential w with different me and T. As well known, a

crosslinker substance can induce the crosslink as the

chemical bonds between linear polymeric molecules, and

lead to form polymeric networks. The formed crosslink

divides long chains into short chains connecting each other

and thus forms numerous pores inside the hydrogels.

Usually the hydrogels in large expansion state contain a

large amount of water in the pores. In swelling equilibrium

state, the water uptake mostly depends on the crosslink

density. As the crosslink density increases, the polymeric
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network becomes stiffer, the pore size becomes smaller, and

the water uptake decreases. Therefore, the increase of the

crosslink density reduces the porous volume of the hydrogel

network structure, and provides smaller space for water

uptake, which leads to a lower swelling ratio in equilibrium

state.

In the simulations to investigate the influences of

effective crosslink density me on variations of the swelling

ratio V /V0 in equilibrium state with environmental temper-

ature T, as shown in Fig. 8, three thermo-sensitive ionized

PNIPA hydrogels with the initially fixed charge density

cf
0=5 mM are considered for different effective crosslink

densities me=0.006, 0.010 and 0.014 mM, respectively,

when the hydrogels are immersed in univalent electrolyte

bathing solution c*=20 mM. It is seen from the figure that,

regardless of the crosslink densities me, the swelling ratios

V0 /V of the equilibrium thermo-sensitive PNIPA hydrogels

have similar profiles as a function of temperature T. The

LCSTs or the volume phase transition temperatures are
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almost same for the three hydrogels, in which all lie in the

vicinity of 34.6 -C. It is also known from Fig. 8 that, at the

temperature below LCST, the volume swelling ratio V /V0

of the equilibrium PNIPA hydrogel with the effective

crosslink density me=0.010 mM is larger than that with

larger me=0.014 mM, and smaller than that with lower

me=0.006 mM. The volume changes of the equilibrium

hydrogels with lower crosslink density me are thus larger

than those with higher crosslink density me at temperatures

below LCST.

In order to study the influence of the environmental

temperature T and effective crosslink density me on the

distributions of the mobile ion concentrations ck, fixed

charge density cf and electric potential w along the radial

coordinate in swelling equilibrium state, Figs. 9–12 are

plotted for the ionized cylindrical PNIPA hydrogels

immersed in the univalent electrolyte bathing solution, in

which the radial coordinate represents the one-dimensional
computational domain along the radial direction covering

both the cylinder hydrogel radius and bathing solution, and

the sudden changes of the curves are observed at the

interface between the hydrogel and solution.

The concentration distributions of the mobile cation and

anion in both the interior hydrogels and exterior bathing

solution are demonstrated in Fig. 9(a) at temperature T=30

-C and Fig. 10(a) at temperature T=40 -C. Correspond-
ingly, the distributions of fixed charge density cf in

equilibrium state are plotted in Fig. 9(b) at T=30 -C and

Fig. 10(b) at T=40 -C. Figs. 9(a) and 10(a) show that, for a

given effective crosslink density me, the mobile cation

concentration in the interior PNIPA hydrogels at temper-

ature T=40 -C is much higher than that at T=30 -C, which
is caused by depleting water from the hydrogels due to the
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collapse. At temperature T=30 -C, the mobile cation

concentration in the interior PNIPA hydrogels increases

with the effective crosslink density me. The opposite trends

are observed for the mobile anion concentration. As the

effective crosslink density me increases, the mobile anion

concentration decreases. In addition, the increase of the

effective crosslink density me makes the larger difference of

ionic concentrations between the interior hydrogel and

exterior solution. At temperature T=40 -C, all mobile ion

concentrations in both the hydrogels and solution are equal

to each other for different crosslink densities me, which is the
result of the same swelling ratio as portrayed in Fig. 8. Figs.

9 and 10 demonstrate similar phenomena that all the

concentrations of mobile cation and anion as well as fixed

charges are compensated.

The distributions of the electric potential w in both the

interior hydrogels and exterior bathing solution are illus-

trated in Fig. 11 at temperature T=30 -C and Fig. 12 at

temperature T=40 -C. For a given effective crosslink

density me, the electric potential w in the PNIPA hydrogel

at temperature T=30 -C is much higher than that at T=40

-C. At the temperature T below the volume phase transition

temperature such as T=30 -C, the electric potential w in the

PNIPA hydrogels decreases with increasing the effective

crosslink density me. At the temperature above the volume

phase transition temperature such as T=40 -C, the electrical
potentials w for different effective crosslink densities me are
equal in both the hydrogels and solution, similarly because

of the same swelling ratio V /V0.
5. Conclusions

In this paper, the swelling equilibrium of ionic thermo-

sensitive hydrogels with volume phase transition has been

investigated when the hydrogels are immersed in bathing

solution with changing temperature. The influences of the

bathing solution concentration and crosslink density of

polymeric network on the swelling equilibrium have been

modeled and simulated through the multiphysics model,

called the multi-effect-coupling thermal-stimulus (MEC-

therm) model. It consists of the Poisson–Nernst–Planck

nonlinear partial differential system and swelling equili-

brium transcendental governing equation. The MECtherm

model is examined by one-dimensional meshless numerical

comparison with experimental data for a cylindrical thermo-

sensitive poly(N-isopropylacrylamide) (PNIPA) hydrogel,

and very good agreement is achieved. Several parameter

studies are conducted to discuss the influences of environ-

mental temperature and bathing solution concentration as

well as crosslink density of polymeric network on the

swelling equilibrium of the hydrogels. Simulation predicts

quantitatively that the swelling capability of the hydrogels

increases with decreasing the bathing solution concentration

or with decreasing the crosslink density of polymeric

network.
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